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LINEAR MAPS BETWEEN C*-ALGEBRAS PRESERVING 
EXTREME POINTS AND STRONGLY LINEAR PRESERVERS 


MARIA J. BURGOS, ANTONIO C. MARQUEZ-GARCIA, 
ANTONIO MORALES-CAMPOY, AND ANTONIO M. PERALTA 

Abstract. We study new classes of linear preservers between G*-algebras 
and JB*-triples. Let E and F be JB*-triples with de{Ei). We prove that every 
linear map T : E ^ F strongly preserving Brown-Pedersen quasi-invertible 
elements is a triple homomorphism. Among the consequences, we establish 
that, given two unital C*-algebras A and B, for each linear map T strongly 
preserving Brown-Pedersen quasi-invertible elements, then there exists a Jor¬ 
dan *-homomorphism S : A ^ B satisfying T{x) = T{l)S{x), for every 
X £ A. We also study the connections between linear maps strongly preserv¬ 
ing Brown-Pedersen quasi-invertibility and other clases of linear preservers be¬ 
tween C*-algebras like Bergmann-zero pairs preservers, Brown-Pedersen quasi- 
invertibility preservers and extreme points preservers. 


1. Introduction 

Let V be a Banach space. In many favorable cases, the set de{Xi), of all 
extreme points of the closed nnit ball, Xi, of X, reveals many of the geometric 
properties of the whole Banach space X. There are spaces X with de{Xi) = 0, 
however, the Krein-Milman theorem guarantees that de{Xi) is non-empty when 
A is a dual space. 

Let A be a C*-algebra. It is known that de{Ai) 7 ^ 0 if and only if A is unital 
(see [38, Theorem L10.2(i)]). When A is commutative, the unitary elements in A 
are precisely the extreme points of the closed unit ball of A. The same statement 
remains true when A is a hnite von Neumann algebra (cf. [30, Lemma 2]). For 
a general unital C*-algebra A, every unitary element in A is an extreme point 
of the closed unit ball of A, however, the reciprocal statement is, in general, 
false (for example a non-surjective isometry in B{H) is not a unitary element in 
this C*-algebra). A theorem due to R.V. Kadison establishes that the extreme 
points of the closed unit ball of a C*-algebra A are precisely the maximal partial 
isometries of A, i.e., partial isometries e G A satisfying (1 — ee*)A(l — e*e) = 0 
(cf. [38, Theorem 1.10.2]). 

Let A and B be unital C*-algebras. One of the consequences derived from 
the Russo-Dye theorem assures that a linear mapping T : A —>■ R mapping 
unitary elements in A to unitary elements in B admits a factorization of the 
form T(a) = uS{a) (a G A), where m is a unitary in B and S' is a unital Jordan 
*-homomorphism (cf. [35, Corollary 2]). We recall that a linear map T ■. A ^ B 
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between Banach algebras is a Jordan homomorphism if T{aJ) = T{a)‘^, for all 
a E A (equivalently, T{ab + ba) = T{a)T{b) + T{b)T{a), for all a,b E A). If A 
and B are unital, T is called unital if T(l) = 1. \i A and B are C*-algebras and 
T{a*) = T{a)*, for every a E A, then T is called symmetric. Symmetric Jordan 
homomorphisms are named Jordan * -homomorphisms. 

Consequently, the problem of studying the linear maps T : A ^ B such that 
T{de{Ai)) C de{Bi) is a more general challenge, which is directly motivated by 
the just mentioned consequence of the Russo-Dye theorem. We only know partial 
answers to this problem. Concretely, V. Mascioni and L. Molnar studied the linear 
maps on a von Neumann factor M which preserve the extreme points of the unit 
ball of M. They prove that if M is inhnite, then every linear mapping T on M 
preserving extreme points admits a factorization of the form T(a) = uS{a) (a E 
M), where m is a (hxed) unitary in M and S either is a unital ^-homomorphism 
or a unital *-anti-homomorphism (see [30, Theorem 1]). Theorem 2 in [30] states 
that, for a hnite von Neumann algebra M, a linear map T ■. M ^ M preserves 
extreme points of the unit ball of M if and only if there exist a unitary operator 
u E M and a unital Jordan *-homomorphism S : M ^ M such that T{a) = uS{a) 
{a E A). In [29], L.E. Labuschagne and V. Mascioni study linear maps between 
C*-algebras whose adjoints preserve extreme points of the dual ball. 

The above results of Mascioni and L. Molnar are the most conclusive answers 
we know about linear maps between unital C*-algebras preserving extreme points. 
In this note we shall revisit the problem in full generality. We present sev¬ 
eral counter-examples to illustrate that the conclusions proved by Mascioni and 
Molnar for von Neumann factors need not be true for linear mappings preserving 
extreme points between unital C*-algebras (compare Remarks 5.8 and 5.9). It 
seems natural to ask whether a different class of linear preservers satishes the 
same conclusions found by Mascioni and Molnar. 

Every unital Jordan homomorphism between Banach algebras strongly pre¬ 
serves invertihility, that is, T[a~^) = T{a)~^, for every invertible element a E A. 
Moreover, Una’s theorem (see [20]) states that every unital additive map be¬ 
tween helds that strongly preserves invertihility is either an isomorphism or an 
anti-isomorphism. 

Let U be a Banach algebra. Recall that an element a G U is called regular if 
there is 5 in U satisfying aba = a and b = bob. Given a and 6 in a C*-algebra U, 
we shall say that 6 is a Moore-Penrose inverse of a if a = aba, b = bab and ab 
and ba are self-adjoint. It is known that every regular element a in U admits a 
unique Moore-Penrose inverse that will be denoted by a^ ([18]). Let Ul be the 
set of regular elements in the C*-algebra A. 

We say that a linear map T between C*-algebras A and B strongly preserves 
Moore-Penrose invertihility if T(al) = T(a)l, for all a G Uh It is known that every 
Jordan *-homomorphism strongly preserves Moore-Penrose invertihility. In [33], 
M. Mbekhta proved that a surjective unital bounded linear map from a real rank 
zero C*-algebra to a prime C*-algebra strongly preserves Moore-Penrose invert- 
ibility if and only if it is either an *-homomorphism or an *-anti-homomorphism. 
Recently in [ 8 ] the hrst three authors of this note show that a linear map T 
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strongly preserving Moore-Penrose invertibility between C*-algebras A and B, 
is a Jordan *-homomorphism multiplied by a regular element of B commuting 
with the image of T, whenever the domain C*-algebra A is unital and linearly 
spanned by its projections, or when A is unital and has real rank zero and T 
is bounded. It is also proved that every bijective linear map strongly preserv¬ 
ing Moore-Penrose invertibility from a unital C*-algebra with essential socle is 
a Jordan ^-isomorphism multiplied by an involutory element. The problem for 
linear maps strongly preserving Moore-Penrose invertibility between general C*- 
algebras remains open. 

The set, A~^, of quasi-invertible elements in a unital C*-algebra A was intro¬ 
duced by L. Brown and G.K. Pedersen as the set A~^Qlj^A~^, where A~^ and 2li 
denote the set of invertible elements in A and the set of extreme points of the 
closed unit ball of A, respectively (see [4]). It is known that a G A~^ if and only 
if there exists b E A such that B{a, b) = 0 (cf. [4, Theorem 1.1] and [23, Theorem 
11]), where B{a,b) denotes the Bergmann operator on A associated with (a, 6) 
(see section 2 for details and dehnitions). 

The notion of quasi-invertible element was extended by F.B. Jamjoom, A.A. 
Siddiqui, and H.M. Tahlawi to the wider setting of JB*-triples. An element x 
in a JB*-triple E is called Brown-Pedersen quasi-invertible if there exists y E E 
such that B{x,y) = 0 (cf. [23]). The element y is called a Brown-Pedersen quasi¬ 
inverse of X. It is known that B{x,y) = 0 implies B{y,x) = 0. Moreover, the 
Brown-Pedersen quasi-inverse of an element is not unique. Indeed, if B{x,y) = 
0 then it can be checked that B{x,Q{y){x)) = 0, so for any Brown-Pedersen 
quasi-inverse y of x, Q{y){x) also is a Brown-Pedersen quasi-inverse of x. It 
is established in [23, Theorems 6 and 11] that an element a; in is Brown- 
Pedersen quasi-invertible if, and only if, it is (von Neumann) regular and its 
range tripotent is an extreme point of the closed unit ball of E, equivalently, 
there exists a complete tripotent v E E such that x is positive and invertible in 
E 2 {v). Every regular element x in E admits a unique generalized inverse, which 
is denoted by x^ (see sections 2 for more details). In particular, the set, E~^, of 
all Brown-Pedersen quasi-invertible elements in E contains all extreme points of 
the closed unit ball of E. 

We consider in this paper a new class of linear preserver. A linear map T 
between JB*-triples strongly preserves Brown-Pedersen quasi-invertibility if T 
preserves Brown-Pedersen quasi-invertibility and T{x'^) = T{x)'^ for every x E 
E~^. In the main result of this note we prove the following: Let A and B be 
unital C'*-algebras. Let T : A —>■ iJ be a linear map strongly preserving Brown- 
Pedersen quasi-invertible elements. Then there exists a Jordan *-homomorphism 
S : A ^ B satisfying T{x) = T{l)S{x), for every x E A (see Theorem 5.12). 

In section 5 we also explore the connections between linear maps strongly 
preserving Brown-Pedersen quasi-invertibility and other clases of linear preservers 
between C*-algebras like Bergmann-zero pairs preservers, Brown-Pedersen quasi- 
invertibility preservers, and extreme points preservers. 

The reader should have realized at this point, that novelties here rely on results 
and tools of Jordan theory and JB*-triples (see section 2 for dehnitions). The 
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research on linear preservers on C*-algebras benefits from new results on linear 
preservers on JB*-triples. In Theorem 3.3 we prove that every linear map strongly 
preserving regularity between JB*-triples E and F with d^{Ei) 7 ^ 0, is a triple 
homomorphism (i.e. it preserves triple products). We complement this result by 
showing that the same conclusion remains true for every bounded linear operator 
strongly preserving regularity from a weakly compact JB*-triple into another JB*- 
triple (see Theorem 4.1). The assumption of continuity cannot be dropped in the 
result for weakly compact JB*-triples (cf. Remark 4.2). The most significan 
result (Theorem 5.11) assures that every linear map strongly preserving Brown- 
Pedersen quasi-invertible elements between JB*-triples E and F, with de{Ei) 7 ^ 0, 
is a triple homomorphism. 


2. Preliminaries 

As we have commented in the introduction, in this paper we employ techniques 
and results in JB*-triple theory to study new classes of linear preservers between 
C*-algebras in connection with linear maps preserving extreme points. For this 
purpose, we shall regard every C*-algebra as an element in the wider class of 
JB*-triples. Following [25], a JB*-triple is a complex Banach space E together 
with a continuous triple product : E x E x E —)-F, which is conjugate 

linear in the middle variable and symmetric and bilinear in the outer variables 
satisfying that, 

(a) L(a, b)L{x, y) = L(x, y)L{a, h) + L{L{a, b)x, y) — L{x, L{b, a)y), where L{a, b) 
is the operator on E given by L(a, b)x = {a, b, x} ; 

(b) L(a, a) is an hermitian operator with non-negative spectrum; 

(c) ||L(a,a)|| = ||af. 

For each x in a JB*-triple E, Q(x) will stand for the conjugate linear operator 
on E defined by the assignment y 1 —)■ Q{x)y = {x, ?/, x}. 

The Bergmann operator, B{x,y), associated with a pair of elements x,y E E 
is the mapping defined by 

B{x, y) = Ie- 2L(x, y) -h Q{x)Q{y). 

Every C*-algebra is a JB*-triple via the triple product given by 

2{x,y,z} = xy*z + zy*x, (2.1) 

and every JB*-algebra is a JB*-triple under the triple product 

{x, y, z} = {x o y*) o z + (z o y*) o x — {x o z) o y*. ( 2 . 2 ) 

It is worth mentioning that, by the Kaup-Banach-Stone theorem, a linear sur¬ 
jection between JB*-triples is an isometry if and only if it is a triple isomorphism 
(compare [25, Proposition 5.5] or [2, Corollary 3.4] or [15, Theorem 2.2]). We re¬ 
call that a linear map T : F —)■ F between JB*-triples is a triple homomorphism 
if 

T{{x, y, z]) = {T{x),T{y),T{z)] for every x,y,zE E. 

It follows, among many other consequences, that when a JB*-algebra J is a JB*- 
triple for a suitable triple product, then the latter coincides with the one defined 
in ( 2 . 2 ). 
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A JBW*-triple is a JB*-triple which is also a dual Banach space (with a unique 
isometric predual [1]). It is known that the triple product of a JBW*-triple is 
separately weak* continuous [1]. The second dual of a JB*-triple E is a. JBW*- 
triple with a product extending the product of E [12], 

An element e in a JB*-triple E is said to be a tripotent if {e, e, e} = e. Each 
tripotent e in E gives raise to the following decomposition of E, 

E = E 2 {e) © Ei[e) © -E'o(e), 

where for i = 0, 1,2, Ei[e) is the | eigenspace of L{e,e) (compare [32, Theorem 
25]). The natural projections of E onto Ei[e) will be denoted by Pi{e). This de¬ 
composition is termed the Peirce decomposition of E with respect to the tripotent 
e. The Peirce decomposition satishes certain rules known as Peirce arithmetic. 

{Ei{e),Ej{e),Ek{e)} C Ei_j+fc(e), 
if i — j + A; G {0,1, 2} and is zero otherwise. In addition, 

{E 2 (e),Eo(e),E} = {Eo{e), E^ie), E} = 0. 

We observe that, for a tripotent e G E, B{e, e) = Po(e). 

The Peirce space ^ 2 ( 0 ) is a JB*-algebra with product x o^y := {x,e,y} and 
involution := {e, a;,e}. 

A tripotent e in E is called complete if the equality Eq{E) = 0 holds. When 
£’ 2 ( 6 ) = Ce 7 ^ {0}, we say that e is minimal. 

For each element x in a JB*-triple £, we shall denote xW := x, x^^^ := {x, x, x}, 
and := {x,x,} , {n G N). The symbol E^ will stand for the JB*- 

subtriple generated by the element x. It is known that E^ is JB*-triple isomorphic 
(and hence isometric) to Co(f^) for some locally compact Hausdorff space hi con¬ 
tained in (0, |lx||], such that r2U{0} is compact, where C'o(ff) denotes the Banach 
space of all complex-valued continuous functions vanishing at 0. It is also known 
that if T denotes the triple isomorphism from E^ onto C'o(f^), then \['(x)(f) = t 
{t G fl) (cf. [24, Corollary 4.8], [25, Corollary 1.15] and [17]). The set hi = Sp(x) 
is called the triple spectrum of x. We should note that C'o(Sp(x)) = C(Sp(x)), 
whenever 0 ^ Sp(x). 

Therefore, for each x G £, there exists a unique element y E E^ satisfying 
that {y,y,y} = x. The element y, denoted by x^sl, is termed the cubic root of 

X. We can inductively dehne, x^^l = j ^ , n G N. The sequence (xl^l) 

converges in the weak* topology of £** to a tripotent denoted by r(x) and called 
the range tripotent of x. The tripotent r(x) is the smallest tripotent e G £** 
satisfying that x is positive in the JBW*-algebra £ 2 *(^) (compare [13, Lemma 
3.3]). 

Regular elements in Jordan triple systems and JB*-triples have been deeply 
studied in [14, 31, 26] and [7]. An element a in a JB*-triple E is called von Neu¬ 
mann regular if there exists (a unique) b E E such that Q{a){b) = a, Q{b){a) = b 
and Q{a)Q{b) = Q{b)Q{a), or equivalently Q{a){b) = a and Q{a){b^^^) = b. The 
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element b is called the generalized inverse of a. We observe that every tripotent 
e in £' is von Neumann regular and its generalized inverse coincides with it. 

Throughout this note, we shall denote by the set of regular elements in a 
JB*-triple E, and for an element a G E^, will stand for its generalized inverse. 

To simplify notation, for a C*-algebra A, let Ea denote the JB*-triple with 
underlaying Banach space A, and triple product defined by (2.1). Let a be an 
element in Ea- Then the mapping Q{a) is given by Q{a){x) = {a,x,a} = ax*a. 
Thus, a is Moore-Penrose invertible in A with Moore-Penrose inverse b if, and 
only if, a e E'^ and = (a^)* = (a*)h 

Every triple homomorphism T : E ^ E between JB*-triples strongly preserves 
regularity, that is, T{x^) = T{x)^ for every x G E^. In [9], the authors character¬ 
ized the triple homomorphism between C*-algebras as the linear maps strongly 
preserving regularity. As a consequence, it is proved that a self-adjoint linear 
map from a unital C*-algebra A into a C*-algebra i? is a triple homomorphism if 
and only if it strongly preserves Moore-Penrose invertibility ([9, Theorem 3.5]). 

3. Linear maps strongly preserving regularity on JB*-triples 

It is known that a non-zero element a in a JB*-triple E, is von Neumann regular 
if, and only if, Q{a){E) is closed, if and only if, the range tripotent r(a) of a lies 
in E and a is positive and invertible element in the JB*-algebra E 2 {e) (cf. [14], 
[26] or [7]). Moreover, when a is von Neumann regular, 

L(a, a^) = L(a^, a) = L(r(a), r(a)), 

and 

Q{a)Q{a^) = Q{a^)Q{a) = P 2 {r{a)) 

(see [27, Lemma 3.2] or [7, Theorem 3.4]). Recall that an element a in a unital 
Jordan algebra J = (J, o) is invertible if there exists a (unique) element 6 G J such 
that aob = 1 and ob = a, equivalently Ua is invertible with inverse Ub, where 
Ua is dehned by Ua{x) = 2ao {^ao x) — a? o x ([21, Theorem 13]). If a is invertible, 
its inverse is denoted by a~^. Moreover if a and b are invertible elements in the 
Jordan algebra J such that a — b~^ is also invertible, then a~^ J- {b~^ — a)~^ is 
invertible, and the Hua’s identity 

(a“^ — (a — b~^)~^) ^ = (a“^ J- {b~^ — a)“^) ^ = a — Ua{b) (3.3) 
holds (see [21, page 54, Exercise 3]). 

A linear map T : E ^ E between JB*-triples strongly preserves regularity if 
T(x^) = T{x)^ for every x G 

The next result is inspired in [8, Lemma 3.1]. 

Proposition 3.1. Let E and E he JB*-triples, and let T : E ^ E be a linear 
map such that T{x'^) = T{x)'^ for every x G E'^. Then 

T(x[ 31) = T(a;)[3l, 


for every x G E'^. 
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Proof. Let x G E'^ \ {0}. Let e = r{x) the range tripotent of x. As we have just 
mentioned, x is positive and invertible in the JB*-algebra E 2 {e), with inverse 
and 0 ^ Sp{x). We identify (the JB*-subtriple of E generated by x) with 
C(Sp(x)) in such a way that x corresponds to the function t ^ t. Hence for 
every A G C with 0 < |A| < ||x^||“^, the element Ax^ — x is invertible in E^^ and 
hence invertible in E 2 {e), with inverse (Ax^ — x)^. In this case, x^ + (Ax^ — x)^ 
is invertible in E^ (and in E 2 {e)). 

Further, the inverses of x — Ax'^ and x^ — (x — Ax^)^ in E^ (or in E 2 {e)) are 
their generalized inverses in E (let us recall that the triple product induced on 
E 2 {,e) by the Jordan *-algebra structure coincides with its original triple product, 
and Q{x) = t/j; o jj, for every x G E). By Hua’s identity (cf. (3.3)), applied to 
a = X and b = A“^x, we obtain 

X — A“^x^^' = (x^ — (x — Ax^)^)^ . 

Let X G E^. We may assume that T(x) ^ 0. Since T strongly preserves regu¬ 
larity, T(x)^ = T(x^). Thus, for A G C with 0 < |A| < Min{||x^||“^, ||T(x)^| 
we have 

T(x) - A-^T(x)[3' = {T{x)^ - (T(x) - \T{x)^)^)^ . 

Since T is linear and strongly preserves regularity, it follows that 
T(x) - A-^T(x)[3' = {T{x)^ - (T(x) - XT{x)^)^)^ = (T(x^) - T(x - Ax'')'')'' 

= T((x'' - (x - Ax^)^)^) = T(x) - A-^T(x[=^l), 
and thus T(x[^]) = T(x)[^l. □ 

Recall that two elements a, 6 in a JB*-triple E are orthogonal (written as a T 6) 
if L{a,b) = 0 (see [6, Lemma 1] for several equivalent reformulations). 

Remark 3.2. Let T ■. E ^ E be a linear map between JB*-triples. Assume that 
T strongly preserves regularity. Then T preserves the orthogonality relation on 
regular elements. Indeed, given a,b E E^, such that a Eh, it can he easily seen 
that 

(a -I- afo)" = a" -I- 

for every a G M \ {0}. By assumption T{a^ -f a~^b^) = T{a + ab)^. In particular 
{T(a) + aT{b),T{a)^ + a-^T{b)^, T{a) + aT{b)} = T{a) + aT{b). 

It follows from the above identity that 

2«{T(a), T(a)^ T{b)] + 2{T(a), T(6)^ T{b)} 

-a-HT(a), T(6)^, T(a)} + a^{T{h),T{a)^, T{h)} = 0, 

for every a G M \ {0}. Therefore 

{T(a), T(a)^ T{b)} = 0, {T(a), T(6)^ T{b)} = 0. 

Since L(T(a), T(a)'') = L{r{T{a))), and L{T{b),T{b)^) = L{r{T{b))), it follows 
that T{a) T T{b). 
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Notice that a JB*-triple might contains no non-trivial tripotents (consider, for 
example, the C*-algebra 6 * 0 ( 0 , 1 ] of all complex-valued continuous functions on 
[0,1] vanishing at 0). However, since the complete tripotents of a JB*-triple E 
coincide with the extreme points of its closed unit ball (see [3, Lemma 4.1] and 
[28, Proposition 3.5], or [11, Theorem 3.2.3]), every JBW*-triple contains a large 
set of complete tripotents. Actually, the set of all tripotents in a JBW*-triple is 
norm-total (cf. [19, Lemma 3.11]). 

Let us recall that, by Lemma 2.1 in [22], an element a in a JB*-triple E is 
Brown-Pedersen quasi-invertible if and only if a is regular and {a)"'" = |0|, where 
{a}^ = {beE- a±b = 0}. 

Theorem 3.3. Let E and E be JB*-triples with de{Ei) 7 ^ 0. Let T : E ^ E be 
a linear map strongly preserving regularity. Then T is a triple homomorphism. 

Proof. Pick a complete tripotent e E E. For every x E E, let X E C, with 
|A| > ||P 2 (e)(a;)||. It is clear that P 2 {e){x — Xe) = P 2 {e){x) — Xe is invertible 
in the unital JB*-algebra p 2 (e). It follows from [22, Lemma 2.2] that x — Ae is 
Brown-Pedersen quasi-invertible. We know, by Proposition 3.1, that 

r((x-Ae)[=^') =T(x-Ae)[3'. 

Since the above identity holds for every A G C, with |A| > ||P 2 (e)(x)||, we deduce 
that 

T(x[^') = T(x)[^', 

for every x E E. The polarization formula 

3 2 

8{a;, y,z} = + ^^2/ + (-1)-^^)) (3-4) 

k=0 j=l 

and the linearity of T assure that T is a triple homomorphism. □ 

The particularization of the previous result to the setting of C*-algebras seems 
to be a new result. 

Corollary 3.4. Let T : A ^ B be a linear map strongly preserving regularity be¬ 
tween C*-algebras. Suppose thatde{Ai) ^ 0. ThenT is a triple homomorphism.^ 

4. Maps strongly preserving regularity on weakly compact 

JB*-triples 

The notions of compact and weakly compact elements in JB*-triples is due to 
L. Bunce and Ch.-H. Chu [5]. Recall that an element a in a JB*-triple E is said to 
be compact or weakly compact if the mapping Q{a) is compact or weakly compact, 
respectively. These notions extend, in a natural way, the corresponding defini¬ 
tions in the settings of C*- and JB*-algebras. A JB*-triple E is weakly compact 
(respectively, compact) if every element in E is weakly compact (respectively, 
compact). 

In a JB*-triple, the set of weakly compact elements is, in general, strictly bigger 
than the set of compact elements (cf. [5, Theorem 3.6]). A non-zero tripotent e 
in E is called minimal whenever p 2 (e) = Ce. The socle, soc(E), of a JB*-triple E 
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is the linear span of all minimal tripotents in E. Following [5], the symbol Kq{E) 
denotes the norm-closure of soc(E). By [5, Lemma 3.3 and Proposition 4.7], the 
triple ideal Kq{E) coincides with the set of all weakly compact elements in E. 
Hence a JB*-triple E is weakly compact whenever E = Kq{E). Every hnite sum 
of mutually orthogonal minimal tripotents in a JB*-triple E lies in the socle of 
E. It is also known that an element a in a JB*-triple E is weakly compact if 
and only if L{a,a) is a weakly compact operator (see [5]). Therefore, for each 
tripotent e in the socle of E, Pi(e) = 2L(e, e) — P 2 {e) = 2L{e,e) — Q(e)^ is a 
weakly compact operator on E (cf. [16, §2]). 

It is well known that every element in the socle of a JB*-triple is regular. 
Moreover, for every JB*-triple E, 

+ soc(E) C E^. 

Indeed, given a G El and x G soc(E), 

(a -|- x) — Q{a + x){a^) = x — 2{a, a^, x} — {x, a^, x} G soc(E) C E^. 

By Me Coy’s Lemma (see [34]), a + x G E^. Let E, E be JB*-tripIes. Let us 
assume that E has non-zero socle, and let T : E —)• E be a linear map strongly 
preserving regularity. The polarization formula (3.4) and Proposition 3.1 show 
that T({x, y, z}) = {T{x),T{y),T{z)}, whenever one of the elements x, y, or 2 ; is 
regular and the others lie in the socle. 

Theorem 4.1. Let E, E he JB*-triples, with E weakly compact. Let T : E ^ 
E be a bounded linear map strongly preserving regularity. Then T is a triple 
homomorphism. 

Proof. We know, from Proposition 3.1, that T preserves cubes of regular elements. 
Since every element in the socle of a JB*-triple is regular, is follows that T{x^^^) = 
T(x)[^], for every x G soc(E). Since E = Kq{E) = soc(E), the continuity of T, 
together with the norm continuity of the triple product prove that T is a triple 
homomorphism. □ 

In the next example we show that the continuity assumption cannot be dropped 
from the hypothesis in the previous theorem (even in the setting of C'*-algebras). 

Remark 4.2. Let cq denote the C*-algebra of all scalar null seguences. It is 
clear that cq is a weakly compact ILL-triple, with soc(co) = cqo, he. the sub¬ 
space of eventually zero seguences in cq. Let {e„,} denote the standard coordinate 
(Schauder) basis of Cq. We extend this basis, via Zorn’s lemma, to an algebraic 
(Hamel) basis of Cq, say B = {e„} U {zn}- 

We define T : cq —)■ Cq as the linear (unbounded) mapping given by 

TiCn) Crt) T(^Zn) nZn- 

Clearly T is not a triple homomorphism but it strongly preserves regularity. Let 
us notice that Cq = cqo and T(coo) = cqo- 
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5. Linear maps strongly preserving Brown-Pedersen 

QUASI-INVERTIBILITY 

In [16], the authors proved that Bergmann operators can be used to characterize 
the relation of being orthogonal in JB*-triples. More concretely, it is proved in 
[16, Proposition 7] that, for any element a; in a JB*-triple E with ||a;|| < \/2, the 
orthogonal annihilator oi x m. E coincides with the set of all hxed points of the 
Bergmann operator B{x,x). It is also obtained, in the just quoted paper, that a 
norm one element e in a JB*-triple E is & tripotent if, and only if, B{e,e){E) = 
{e}-*- (cf. [16, Proposition 9]). 

Having in mind all the characterizations of tripotents and Brown-Pedersen 
quasi-invertible elements commented above, and recalling that extreme points of 
the closed unit ball of a JB*-triple E are precisely the complete tripotents in E, 
it can be deduced that the equivalence 

e G de{Ei) B{e, e) = 0, (5.5) 

holds for every e E Ei. 

Let T : E ^ E he a. linear map between JB*-triples. We introduce the following 
dehnitions: 

Definition 5.1. T preserves Brown-Pedersen quasi-invertibility if T{Ef^) C 
E~^, that is, T maps Brown-Pedersen quasi-invertible elements in E to Brown- 
Pedersen quasi-invertihle elements in E. 

Definition 5.2. T preserves Bergmann-zero pairs if 

B{x,y) = 0 ^ B{T{x),T{y)) = 0. 

Definition 5.3. T strongly preserves Brown-Pedersen quasi-invertibility if T 
preserves Brown-Pedersen quasi-invertibility and T[x^) = T[x)^ for every x G 



Definition 5.4. T preserves extreme points ifT{de{Ei)) C de{Ei). 

It is worth to notice that all dehnitions above make sense for linear operators 
between C*-algebras. In this paper we employ Jordan techniques to study these 
kind of mappings and so, we set the above dehnitions in the most general setting. 

Suppose T : E ^ E is a linear mapping strongly preserving Brown-Pedersen 
quasi-invertibility between two JB*-triples. Suppose u G de{Ei). Then u is 
Brown-Pedersen quasi-invertible with = u. It follows from our assumptions 
that T{u) is Brown-Pedersen quasi-invertible and T{u)^ = T{u^) = T{u). In 
such a case, {T{u),T{u),T{u)} = Q{T{u)){T{u)) = T{u) is a tripotent and 
Brown-Pedersen quasi-invertible, which implies that T{u) G df,{Ei) (cf. [22, 
Lemma 2.1]). We have therefore shown that every linear mapping between JB*- 
triples strongly preserving Brown-Pedersen quasi-invertibility also preserves ex¬ 
treme points points. 

The characterization of the extreme points of the closed unit ball of a JB*-triple 
given in (5.5) implies that every linear mapping between JB*-triples preserving 
Bergmann-zero pairs also preserves extreme points. 
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Clearly, a linear mapping T : E ^ F preserving Bergmann-zero pairs maps 
Brown-Pedersen quasi-invertible elements in E to Brown-Pedersen quasi-invertible 
elements in F. 

Therefore, for every linear mapping T between JB*-triples the following impli¬ 
cations hold: 


T preserves 
Bergmann-zero pairs 


T preserves extreme points 


(Rema^ 5.9) 




T preserves 

BP quasi-invertible elements 


(Remark 5.9) 


/ 




T strongly preserves 
BP quasi-invertible elements 


The other implications are, for the moment, unknown. We have already com¬ 
mented that V. Mascioni and L. Molnar characterized the linear maps on a von 
Neumann factor M preserving the extreme points of the unit ball of M in [30]. 
According to our terminology, they prove that, for a von Neumann factor M, a 
linear map T ■. M ^ M such that B{T{a),T{a)) = 0 whenever B{a,a) = 0, is a 
unital Jordan *-homomorphism multiplied by a unitary element (see [30, Theorem 
1, Theorem 2]). 

Suppose T : E ^ E is a. linear mapping between JB*-triples which preserves 
Bergmann-zero pairs. Given a Brown-Pedersen quasi-invertible element x, with 
generalized inverse x^, we have 

B{x,x^) = B{x^,x) = B{r{x),r{x)) = 0, 

and hence B{T{x),T{x^)) = 0. This shows that 

Q{T{x)){T{x^)) = T{x), and Q{T{x^)){T{x)) = T(x^). 

However T{x^) may not coincide, in general, with T{x)^. So, we cannot conclude 
that every linear Bergmann-zero pairs preserving is a strongly Brown-Pedersen 
quasi-invertibility preserver (cf. Remark 5.9). 

We mainly focus our study on maps between C*-algebras. Let A be a unital 
C'*-algebra A. It is easy to see that, for an element a in A 

B{a, a){x) = (1 — aa*)x{l — a*a), for all x E A. 

Moreover it is also a well known fact that the extreme points of the closed unit 
ball of A are precisely those elements t in A for which (1 — vv*)A{l — v*v) = {0} 
(see [38, Theorem 1.10.2]). 

Let T : A —>■ R be a linear map between unital C'*-algebras which preserves 
extreme points. Since for every unitary element m G A, R(m, m) = 0 it follows that 
B(T{u),T{u)) = 0, which, in particular, shows that T{u) is a partial isometry. 
Hence, T is automatically bounded and ||T|| = 1 (cf. [35, §3]). Therefore, for 
every self-adjoint element a G A, we have 

{T(e*'“),T(e**“),T(e**“)} = T(e**“) (t G M). 
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Differentiating both sides of the above identity with respect to t, we deduce that 
2{iT(ae*‘“),T(e**“),T(e*'“)} + {T(e**“), iT(ae**“), T(e*'“)} = iT(ae*'“), 
and hence 

2{T(ae**“), T(e**“), T(e**“)} - {T(e**“), T(ae**“), T(e*'“)} = T(ae**“), (5.6) 

for every t G M. For t = 0, we get 

2{r(a),T(l),T(l)} - {T(l),T(a),r(l)} = T(a), 

equivalently 

T(a) = T(a)T(l)*T(l) + T(l)T(l)*T(a) - T(l)T(a)*T(l), (5.7) 

for every a = a* in A. 

Differentiating (5.6) with respect to t, we obtain 

r(aV'“) = 2{T(aV‘“),T(e**“),T(e*‘“)} -4{T(ae*'“),T(ae*'“),T(e**“)} 
+2{T(ae*'“),T(e**“),T(ae**“)} + {T(e**“), T(a2e*'“), T(e**“)}, 
for every t G M. In the case t = 0 we get 

T{a^) = 2{T(a2), T(l), T(l)} - 4{T(a), T(a), T(l)} 
+2{T(a),T(l),T(a)} + {T(l),T(a2),T(l)}, 

or equivalently, 

T{a^) = T{a^)T{iyT{l) + T(l)T(l)*T(a2) - 2T(a)T(a)*T(l) (5.8) 

-2T(l)T(a)*T(a) + 2T(a)T(l)*T(a) + T(l)T(a2)*T(l), 
for every a = a* in A. 

Multiplying identity (5.7) by T(l)* from both sides, and taking into account 
that T(l) is a (maximal) partial isometry, we deduce that 

T(l)*T(a)T(l)* = T(l)*T(l)T(a)*T(l)T(l)*, (5.9) 

for every self-adjoint element a E A. 

Proposition 5.5. Let A and B be unital C*-algebras. Let T : A ^ B be a linear 
map preserving extreme points. Suppose that T(l) is a unitary in B. Then there 
exists a unital Jordan * -homomorphism S : A ^ B satisfying T{a) = T{l)S{a), 
for every a E A. 

Proof. By hypothesis n = T(l) is a unitary in B. We deduce from (5.7) that 

T(a) = vT{a)*v, 

for every self-adjoint element a E A, and hence, by linearity, 

T(a) = vT{a*)*v, or equivalently, v*T{a) = T{a*)*v, (5.10) 

for every a E A. Therefore, the mapping S : A ^ B, given by S{x) := v*T{x), is 
symmetric {S{x*) = S{x)*), and S'(l) = v*T{l) = v*v = 1. 

Now, since v*v = 1 = vv*, we deduce from (5.8) and (5.10) that 

T{ay = vT{ayT{a), 
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for every a = a* in A. Multiplying on the left by v* we obtain: 

S{a^) = v*vT{ayT{a) = T(a)*T(a) = 5(a)*5(a) = ^(a)^ 

for every a = a* in A, and hence S' is a Jordan *-honiomorphisni. It is also clear 
that T(a) = vv*T{a) = vS{a), for every a in A. □ 

We recall that, according to [36, Proposition 1.6.3], for a C*-algebra, A, the 
intersection c?e(^i) AAga is precisely the set of all self-adjoint unitary elements of 

A. 

Corollary 5.6. Let A and B he unital C*-algebras. LetT : A ^ B be a symmet¬ 
ric linear map. If T preserves extreme points then T(l) is a self-adjoint unitary 
element in B and there exists a unital Jordan *-homomorphism S : A ^ B 
satisfying T{a) = T{l)S{a), for every a E A. 

Proof. Suppose that T preserves extreme points. Since T is symmetric, the el¬ 
ement T(l) must be a self-adjoint extreme point of the closed unit ball of B, 
and hence a self-adjoint unitary element. Proposition 5.5 assures that S{a) := 
T(l)T(a) (a G A) is a unital Jordan *-homomorphism and T(a) = T(l)S'(a), for 
every a E A. □ 

The next result gives sufficient conditions for the reciprocal statement of Propo¬ 
sition 5.5 and Corollary 5.6. 

Proposition 5.7. Let T : A ^ B be a linear map between unital C*-algebras. 
Suppose that T writes in the form T = vS, where v is a unitary element in B and 
S : A ^ B is a unital Jordan *-homomorphism such that B eguals the C*-algebra 
generated by S{A). Then T preserves extreme points. 

Proof. Suppose that T = vS, where n is a unitary element in B and S : A ^ B 
is a unital Jordan *-homomorphism. Since S** : A** B** is a unital Jordan 

*-homomorphism between von Neumann algebras (cf. [37, Lemma 3.1]), Theorem 
3.3 in [37] implies the existence of two orthogonal central projections E and F in 
B** such that Si = S** : A” B**E is a *-homomorphism, S 2 = S** : A” 
B**F is a *-anti-homomorphism, E F = 1 and S** = Si -\- 82 - The equality 
1 = 5(1) = 5i(l) -|- ^ 2 ( 1 ) implies that 5i(l) = E and 52(1) = F. 

Take e G de{Ai). We claim that 5(e) G de{Bi). Indeed, the equalities 
(l-5(e)5(e)*)5(24)(l-5(e)*5(e)) 

= (1 - 5i(e)5i(e)* - 52(e)52(e)*)5(7l)(l - 5i(e)*5i(e) - 52(e)*52(e)) 

= {E- Si{e)Si{er)Si{A){E - 5i(e)*5i(e)) 

+(F - 52(e)52(e)*)52(7l)(F - 52(e)*52(e)) 

= 5i((l - ee*)A{l - e*e)) + 52((1 - e*e)A{l - ee*)) = {0}, 
together with the fact that B equals the C*-algebra generated by 5(^4) show that 
5(e) G de{Bi). 

Finally, given e G de{Ai) we know that 5(e) G 5e(i?i), and hence 

(1 - T(e)T(e)*)5(l - T(e)*T(e)) = (1 - vS{e)S{eyv)B{l - S{e*)v*vS{e)) 

= r;(l - 5(e)5(e)*)n*5(l - 5(e*)5(e)) 
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C v(l - 5(e)^(e)*)5(l - ^(e*)^(e)) = {0}, 
because S'(e) G de{Bi). We have therefore shown that T(e) G de{Bi). □ 

Henceforth, T : A ^ B will denote a linear map between unital C*-algebras 
which preserves extreme points, and we assume that B is prime. Let v = T{1) G 
de{Bi). The assumption B being prime implies that vv* = 1 or v*v = 1. We shall 
assume that v*v = 1. When vv* = 1 we can apply Proposition 5.5, otherwise 
(i.e. in the case vv* ^ 1), we cannot deduce the same conclusions. Indeed, 
from (5.7) and (5.9) we deduce that vv*T{a) = vT{a)*v, for every a = a* in A, 
and consequently v*T{a) = T{a)*v, for every a G Aga- Therefore, the operator 
S = v*T is unital and symmetric. Moreover, it follows from (5.8) that 

vv*T{a^) = 2T{a)T{a)*v + 2vT{a)*T{a) - 2T{a)v*T{a) - vTia^v, 

for every a = a* in A. Multiplying on the left by v*, and having in mind that S 
is symmetric, we obtain 

^(a^) = 2^(a)5(a*) + 2T(a)*T(a) - 2S{a)S{a) - S{{a^)*) = 2T{a)*T{a) - S{a^), 
which proves that S'(a^) = T(a)*T(a) > 5'(a)^, for every a = a* in A. 

When M is an inhnite von Neumann factor, a linear map T : M ^ M pre¬ 
serves extreme points if and only if there exist a unitary u in M and a linear 
map $ : M —)■ M which is either a unital *-homomorphism or a unital *-anti- 
homomorphism such that T(a) = u^{a) (a G A) [30, Theorem 1]. When M is a 
hnite von Neumann algebra, a linear map T on M preserves extreme points if and 
only if there exist a unitary u in M and a Jordan *-homomorphism ^ : M ^ M 
satisfying T{a) = M<h(a) (a G A) [30, Theorem 2]. Motivated by these results it is 
natural to ask whether a similar conclusion remains true for operators preserving 
extreme points between unital C*-algebras. The next simple examples show that 
the answer is, in general, negative. 

Remark 5.8. Let H he an infinite dimensional complex Hilbert space. Suppose 
V is a maximal partial isometry in B{H) which is not a unitary. The operator 
T : C —>■ B{H), X HA Xv, preserves extreme points, but we cannot write T in 
the form T = u^, where u is a unitary in B{H) and ^ is a unital Jordan *- 
homomorphism. 

Remark 5.9. Under the assumptions of Remark 5.8, let v,w & de{B{H)i) such 
that v*v = 1 = w*w and vv* T ww*. Let A = C©°°C. We consider the following 
operator 

T :A^ B{H) 

T{X,p.) = ^{v + w) + ^{v - w). 

Clearly T(l, 1) = v. Furthermore, every extreme point of the closed unit ball 
of A writes in the form (Ao,/4o) with |Ao| = |/4o| = 1- Therefore T(Ao,/4o) = 
^(n + w) + ^(n — w) = -I- satisfies 

T(Ao,/4o) T(Ao,/4o) = ( -^- v + - - - wj ( - - - v+ - - - wj 
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1-^0 + /^oh 


^ I 

■V V + 


1-^0 ~ 


-w w = 


1-^0 + , 1-^0 “ /^ol 


+ 


2(|AoP + |/io| 


-1 = 1 , 


which proves that T{Xq,plq) G de{B{H)i), and hence T preserves extreme points. 

The mapping T satisfies a stronger property. Elements a and b in the C*-algebra 
A satisfy B{a,b) = 0 if and only if ab* = 1. We observe that A~^ = A~^, and 
hence an element (A,/i) G A~^ if and only if Xp. 7 ^ 0. Let us pick a = (Xo,Po) ^ 

A~^ (with XqPo Clearly, = (Xq^^Pq^L It is easy to check that 


T{a^)*T{a) 



+ To 
2 


V + 



( Aq + Pq 


V + 


Aq ~ To 
2 



Aq + /^O ^ * Aq 

--- V H- 


-1 


To 


-1 


-w 


Aq + /^o Aq — To 

- V H- w 


1 (Ao + To)"^ — (Ao — ToY 


1 = 1 , 


4 Ao/io 

and hence B{T{a),T{a^)) = 0, which shows that T preserves Bergmann-zero 
pairs. 


It is easy to check that T(l, —1) = w, and hence v*T{l, —1) = v*w = 0, and 
vv*T{l, -1) = 0. For S = v*T we have ^(1, -1)^ = 0 but 5((1, -l)^) = 5(1,1) = 
V, that is, S is not a .Jordan homomorphism. We can further check that T is not a 
triple homomorphism, for example, (1,0) is a tripotent in A but ||T(1,0)|| = 
and hence T(l, 0) is not a tripotent in B{H). 

Finally, for a = {Xq, po) G A~^ (with Ao/io Y Oj, T(a'^) = A^(i; + w) + 
^^^(t — w) need not coincide with T{a)^ = (^(f + w) + ^{v — w)) . Indeed, 
T(2,1) = Ip+Iw = where r = is the range tripotent o/T(2,1), 

and thus T(2,1)^ = -^r = |p + ^w. Clearly, T((2,1)^) = T(l/2,1) = |p — jw. 


The counter-examples provided by Remark 5.9 point out that the conclusions 
found by Mascioni and Molnar for linear maps preserving extreme points on inh- 
nite von Neumann factor (cf. [30]) are not expectable for general C*-algebras. We 
shall show that a more tractable description is possible for linear maps strongly 
preserving Brown-Pedersen quasi-invertibility. The proofs are based on the JB*- 
triple structure underlying every C*-algebra. 

The following variant of Proposition 3.1 follows with similar arguments, its 
proof is outlined here. 


Proposition 5.10. Let E and F be JIT-triples, and let T : E ^ F be a non-zero 
linear map strongly preserving Brown-Pedersen guasi-invertible elements, that is, 
T{x'^) = T{x)'^ for every x G Ef^. Then 

T{x^^Y = T{xY^\ 

for every x G E~^. 
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Proof. Let x be an element in and let e = r{x) G de{Ei) denote its range 
tripotent. For each 0 < A < ||a:^||“^ the element Xx^ — x is Brown-Pedersen qnasi- 
invertible in E. Indeed, if we regard Xx^ — a; as an element in E^ = C(Sp(a;)), 
the JB*-snbtriple of E generated by x (see page 5), then x — Xx^ is invertible 
and positive in E^, and its range tripotent is r(a; — Xx'^) = e G de{Ei). By Hna’s 
identity (cf. (3.3)), we have 

= (x''-(a:-Aa;^)^)''. 

Given 0 < A < Min{||x^||“^, ||T(x)^||“^}, since T strongly preserves Brown- 
Pedersen qnasi-invertible elements, and x,Xx^ — x,T{x), and T{Xx^ — x) are 
Brown-Pedersen qnasi-invertible, we dednce that 

T{x) - X-^T{xf^ = {T{x)^ - {T{x) - XT{x)^)^)^ 

= {T{x^) - {T{x) - XT{x^))^)^ = T{{x^ -{x- Xx^)^)"') = T{x) - X-^T{x^^^), 
for every 0 < A as above, which proves the desired statement. □ 

The fnll meaning of Theorem 3.3 (and the role played by [22, Lemma 2.2] in 
its proof) is more explicit in the following result, whose proof follows the lines we 
gave in the just mentioned theorem but replacing Proposition 3.1 with Proposition 
5.10. 

Theorem 5.11. Let E and E be JB*-triples withde{Ei) ^ 0. SupposeT : E ^ E 
is a linear map strongly preserving Brown-Pedersen guasi-invertible elements. 
Then T is a triple homomorphism. □ 

We can state now our conclusions on linear maps strongly preserving Brown- 
Pedersen quasi-invertibility. 

Theorem 5.12. Let A and B be unital C*-algebras. Let T : A ^ B be a linear 
map strongly preserving Brown-Pedersen guasi-invertible elements. Then there 
exists a Jordan *-homomorphism S : A ^ B satisfying T{x) = T{l)S{x), for 
every x G A. 

We further know that 

T{A) C T(1)T(1)*5T(1)*T(1), S{A) C T(1)*T(1)5T(1)*T(1), 

and S : A ^ T{1)*T{1)BT{1)*T{1) is a unital Jordan * -homomorphism. 

Proof. Since T preserves extreme points, n = T(l) G de{Bi) is a partial isometry 
with 

(1-nn*)T(a;)(l-n^n) = 0 (5.11) 

for every x ^ A. It follows from (5.9) that vT{a)*v = vv*T{a)v*v, for every 
a = a* G A. 

Now, Theorem 5.12 assures that T is a triple homomorphism. Thus, we have 
T{x) = T{x, 1,1} = {T{x),v, v] = ^{T{x)v*v -\- vv*T{x)), (5.12) 

and 

T{x*) = T{1, X, 1} = {v,T{x),v} = vT{x)*v, (5.13) 
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for every x ^ A. Identities (5.11) and (5.12) give: 

T{x) = vv*T{x)v*v = vv*T{x) = T{x)v*v, (5.14) 

for every x & A. Multiplying on the left by v* we get 

v*T{x) = v*T{x)v*v = (by (5.13)) = T{x*)*v, 

for every x & A, which proves that S = v*T : A —)■ i? is a symmetric operator. 
Furthermore, since T is a triple homomorphism, we have 

S{x‘^) = v*T{x, 1, x} = v*{T{x),v, T(x)} = v*T{x)v*T{x) = S{xy, 

for all X ^ A, which guarantees that S' is a Jordan *-homomorphism. The identity 
in (5.14) gives T{x) = vv*T{x) = vS{x), for every x E A. The rest is clear. □ 

Remark 5.13. Under the hypothesis of Theorem 5.12 we can similarly prove that 
the mapping Si \ A ^ B, Si{x) = T{x)T{l)* is a Jordan * -homomorphism and 
T{x) = S'i(a;)u, for every x in A. 

If V is an extreme point of the closed unit ball of a prime unital C*-algebra R, 
then 1 = vv* or v*v = 1. Therefore, the next result is a straight consequence of 
the previous Theorem 5.12. 

Corollary 5.14. Let A and B he unital C*-algebras with B prime. Let T : A ^ B 
be a linear map strongly preserving Brown-Pedersen guasi-invertible elements. 
Then one of the following statements holds: 

(a) T(1)*T(1) = 1, T(l)T(l)*T(a) = T{a), for every a E A, and there exists a 
unital Jordan * -homomorphism S : A ^ B satisfying T{a) = T{l)S{a), for 
every a E A; 

(b) T(1)T(1)* = 1, T(a)T(l)*T(l) = T{a), for every a E A, and there exists a 
unital Jordan * -homomorphism S : A ^ B satisfying T{a) = S{a)T{l), for 
every a E A. 

□ 
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